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trate the new method.

In this paper, relations between a multiplicative consistent interval fuzzy preference relation and an addi-
tive consistent interval fuzzy preference relation are established. Based on the new relations, a new
method (Algorithm 3) is proposed to derive interval weights by transforming a multiplicative consistent
interval fuzzy preference relation into an additive consistent interval fuzzy preference relation, collecting
additive consistent information (Algorithm 2), transforming back into multiplicative consistent informa-
tion and calculating the interval weights by Eq. (20). Finally, two numerical examples are given to illus-
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1. Introduction

Multiple attribute decision making (MADM) is used to deal with
the problems of finding a desirable solution from a finite set of fea-
sible alternatives assessed on multiple attributes [1-7]. One key of
MADM is deriving the attributes’ weights which can be divided
into subjective weights, objective weights and combination
weights. In this paper, subjective weights which reflect decision
makers (DMs)’ preferences will be discussed. As it is known, both
fuzzy preference relation (FPR) and reciprocal preference relation
(RPR) [8,9] are used to express decision makers preferences. Since
the analytic hierarchy process (AHP) was proposed by Saaty in the
middle of the 1970s, deriving weights from DMs’ preferences has
attracted researchers’ interest. For example, Saaty [10] firstly pro-
posed the well-known eigenvector method (EM) to derive weights
from a multiplicative preference relation. Then, logarithmic least-
squares method (LLSM) [11], gradient eigenweight method
(GEM) [12], geometric least-squares method (GLSM) [13] and log-
arithmic goal programming method (LGPM) [14] were developed
for a multiplicative preference relation. Besides, to derive weights
from a FPR, Fernandez and Leyva [15] proposed a multi-objective
optimization method, Xu [16] developed a goal programming
model, and so on.

However, DMs may not exactly estimate their preferences with
numerical values, it is natural and easy for DMs expressing their
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preference information with interval numbers due to the increas-
ing complexity and uncertainty of real-life decision making prob-
lems [17]. In this case, both interval fuzzy preference relation
(IFPR) and interval reciprocal preference relation (IRPR) are useful
to express DMs’ uncertain preferences. So, deriving interval
weights from interval preference relations is the key of multiple
attribute decision making problems. Up to now, Lan et al. [18] pro-
posed an information mining method to derive weights from an
interval comparison matrix. Wang et al. [19] developed an ap-
proach generating interval weights based on consistency test. Xu
and Chen [17] established some models for deriving interval
weights from IFPR. Genc et al. [20] proposed a new method by
adjusting elements of the IFPR. In short, almost all the research ob-
tain interval weights by establishing mathematical models. This
paper is focused on deriving interval weights by collecting all the
multiplicative consistent information. To do that, some exchanges
between an additive consistent FPR and a multiplicative consistent
FPR are established based on both relations between a consistent
reciprocal preference and a multiplicative consistent FPR proposed
by Xu [3] and relations between a consistent reciprocal preference
and an additive consistent FPR proposed by Lan [4]. Then, the rela-
tions are extended to a multiplicative consistent IFPR and an addi-
tive consistent IFPR. Based on the extended relations, a new
method (Algorithm 3) will be proposed to derive interval weights
from an IFPR, no matter whether it is multiplicative consistent or
not, by transforming a multiplicative consistent IFPR into an addi-
tive consistent IFPR, collecting additive consistent information
(Algorithm 2), transforming back into multiplicative consistent
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information and calculating the interval weights by Eq. (20). Final-
ly, there are two numerical examples to illustrate the new method.

2. Preliminaries

Consider a certain multiple criteria decision making problem
with a finite set of n criteria, let X = {x1,X>,...,x,} be the set of cri-
teria and let I={1,2,...,n} be the set of index. A decision maker
compares each pair of criteria in X, and provides his/her preference
degree a; of the criterion x; over x;. All these preference degrees a;;
(i,j € I) compose a FPR A = (a;j)nxn

ayn G2 -+ O

Qz1 Gy -+ Q2
A=

ap1 Gp2 --- Om

Definition 1 [21]. A fuzzy preference relation on a finite set X with
n>1 elements is represented by a complementary matrix
A= (ajj)nxn With

a,»j>0, a,~j+aﬁ=1, a; =05, Vijel, (1)

where a;; represents a crisp preference degree of criterion x; over x;
provided by the decision maker. Especially, a; < 0.5 indicates that x;
is preferred to x;; a; = 0.5 indicates indifference between x; and x;;
a; > 0.5 indicates that x; is preferred to x;.

Definition 2 [1]. A reciprocal preference relation R on a finite set X
with n>1 elements is represented by a reciprocal matrix
R = (rij)nxn With

rij>0, r,-j-~rji:1, rii:17 Vi,jél, (2)

where r;; indicates that x; is r; times as important as x;. Especially,
ri < 1 indicates that x; is preferred to x;; r; = 1 indicates indifference
between x; and x;; r;; > 1 indicates that x; is preferred to x;.

Definition 3 [22]. A fuzzy preference relation A = (a;),y is called
an additive consistent fuzzy preference relation, if the following
additive transitivity is satisfied

Qjj = Qi — Ak + 0.5, Vl.,j,k el (3)

Definition 4 [22]. A fuzzy preference relation B = (bjj)n«n is called a
multiplicative consistent fuzzy preference relation, if the following
transitivity is fulfilled

bij - bjc - b = bi - by - bji,

Let w=(w;,Wa,...,w,)" be the vector of priority weights, with
w; = 0 (i), SF,w; = 1. Then the multiplicative consistent fuzzy
preference relation B can be given by Xu [2]

Vij kel (4)

o w; ..
bljfwi+wj, Vi,jel. (5)

Definition 5 [23]. A reciprocal preference relation R=(rjj)nxn is
called a consistent reciprocal preference relation, if the following
transitivity is satisfied

rj =TTy, Vijkel (6)

Lemma 1 [3]. Let R=(Tj)a«n be a consistent reciprocal preference
relation, a multiplicative consistent fuzzy preference relation B=
(bij)nxn Will be generated through the following transformation

~ vijel )

Lemma 2 [3]. Let B =(bj),«n be a multiplicative consistent fuzzy
preference relation, a consistent reciprocal preference relation
R = (1ij)nxn will be generated through the following transformation

rij:b—':", Vi,jel (8)

Lemma 3 [4]. Let R=(r;j)nxn be a consistent reciprocal preference
relation, an additive consistent fuzzy preference relation A = (Gi)nxn
will be generated through the following transformation

2
a; =0.5+log,ry, Vijel, o> (mal)(rij> . 9)
ije

Lemma 4 [4]. Let A =(a;)«n be an additive consistent fuzzy prefer-
ence relation, a consistent reciprocal preference relation R = (Tj)nxn
will be generated through the following transformation
rj=p0 vijel p>1. (10)
Lemmas 1 and 2 reflect the relations between a consistent reci-
procal preference relation and a multiplicative consistent fuzzy
preference relation and Lemmas 3 and 4 reflect the relations be-
tween a consistent reciprocal preference relation and an additive
consistent fuzzy preference relation. The relations, between an addi-
tive consistent fuzzy preference relation and a multiplicative consis-
tent fuzzy preference relation, can be easily achieved as follows.

Theorem 1. Let A = (a;),., be an additive consistent fuzzy preference
relation, a multiplicative consistent fuzzy preference relation B=
(bij)nxn can be achieved through the following transformation

1

bv:Wv

Vijelp>1. (11)

Proof. Since A= (a;)nxn is an additive consistent fuzzy preference
relation, according to Lemma 4, R = (1;j)n«n i a consistent reciprocal
preference relation, where r; = % %% (Vi,j eI, > 1). According
to Lemma 1, B = (bj)n«n is @a multiplicative consistent fuzzy prefer-
ence relation, where
1 1

b = = ;05

T4+r 14 p%

Viijjel, p>1. O

Theorem 2. Let B = (bjj)n.n be a multiplicative consistent fuzzy pref-
erence relation, an additive consistent fuzzy preference relation
A = (a4j)nxn can be achieved through the following transformation

2
ay=05+log, 2. vijel a> (mjglx %) | (12)
i 1 ji

Proof. Since B = (bjj)nxn is a multiplicative consistent fuzzy prefer-
ence relation, according to Lemma 2, R = (1jj)nxx i a consistent reci-

procal preference relation, where ry :% (Vi,j € I). According to

Lemma 3, A =(aj).«n is an additive consistent fuzzy preference
relation, where

by . b\
a; =05 +log,r; =05 +log, >, Vijel o> (m‘ax —”) . O
bj,‘ ijel ji
From the above two theorems, we can see that, for an additive
consistent fuzzy preference relation A = (a;j)n«, and a multiplicative
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consistent fuzzy preference relation B = (bj)nxn, when o=, Eq.
(11) is the sufficient and necessary condition of Eq. (12).

As the increasing of the complexity and uncertainty of real-life,
DMs can hardly estimate their preferences with numerical values,
but with fuzzy set, especially with interval numbers. From this
point, a decision maker compares each pair of criteria in X, and pro-

- .

,-j,a,.j] of the crite-
rion x; over x;, where 3; indicates that the criterion x; is between
a; and a; times as important as the criterion x;. All these interval

vides his/her interval preference degree a; = [a

preference degrees @; (i,j € [) compose an IFPR A = (@;),,, .

[0171 ’ a;rl] [(11’27 aTZ} [aTnv a;rn]
[ail ’ a;l] [0527 a;ﬂ [ainv a;n]

A = . . . . ’
(@05 ] [0, 03] (@5, 3]

where a; = {aiy,aﬂ, a; +a; =1, gy =a; =05, af > a; >0, for

alli,j=1,2,...,n.

ijo
an additive consistent FPR A = (ajj)n«n, such that

Definition 6 [17]. Let A = ({af af} )nxn D€ an IFPR. If there exists

- +
a,‘j gaijga,‘ja

Vi,jel,

then, A is called an additive consistent IFPR and A = (ajj)nn is called
additive consistent information in A.

Definition 7 [17]. Let B = ([b,}, b;]) be an IFPR. If there exists
nxn

a multiplicative consistent FPR B = (bjj)n.n, such that

by < by < by,

Vi,jel,

then, B is called a multiplicative consistent IFPR and B = (by)nxn is
called multiplicative consistent information in B.

The relationship between an additive consistent IFPR and mul-
tiplicative consistent IFPR can be developed as follows.

ij

multiplicative consistent IFPR B = ([bi} ,bﬂ)
nxn

Theorem 3. Let A = ([ai;, a; ]) be an additive consistent IFPR. A
nxn

can be achieved

through the following transformation

. 1 . 1

i =————=, bj=——+-2, Vijel p>1 13
B0 P oS J p (13)

Proof. Since A = ([a;, a5])nn Is an additive consistent IFPR, accord-
ing to Definition 6, there exists an additive consistent FPR A=

(@ij)nxn, such that a; < < a; (Vi,j € I). Further more, —1— <
14p i

—L - < —2L45 (Vi,j €l,p>1). Besides, according to Theorem 1,
1+p0 144

B = (bjj)nxn is @ multiplicative consistent fuzzy preference relation,

where b; = W (Vi,j €I, B> 1).So there exists a multiplicative
consistent fuzzy preference relation B=(bj),«n such that
b; <b; < b; (Vi.j € I). According to Definition 7, B is a multiplica-
tive consistent I[FPR. O

Theorem 4. Let B = ([b,; 7b,§]> be a multiplicative consistent
nxn

IFPR. An additive consistent IFPR A = ([ai;,a; ]) can be achieved
nxn

through the following transformation

i by . by .. 2
a; :O.5+logaﬁ, a; :O'5+log“b7;’ Vijel, a> n&z’xE .
ji

(14)

Proof. Since B = Lb;,bﬂ) is a multiplicative consistent IFPR,
according to Definition 7; théte exists a multiplicative consistent

FPR B = (by)n«n such that by < by < by (Vi,j € ). Further more,
+ 2 _

o > (max,-_je, gi> >1, then 05+ logag%' <05+ loga% < 0.5+
ji ji i

loga% (Vi e I). Besides, according to Theorem 2, A = (aj)nxn iS an
additive consistent fuzzy preference relation, where a; = 0.5+
log, ZTU: (Vi,j € I). So there exists an additive consistent fuzzy prefer-
ence relation A = (ajj)n.n such that a; < ay < a; (Vi.j €1). According
to Definition 6, A is an additive consistent I[FPR. O

For an additive consistent IFPR A, through Eq. (13) with g=
81 > 1, it can be changed to a multiplicative consistent IFPR B,

[£.1] (3 —4logs7,; +;logs2] | _ 105
[ gt o7 1 B

-leh il

At the same time, through Eq. (14) with o=81>49/9=
(max{1,2/3,7/3})% a multiplicative consistent IFPR B can be chan-
ged to an additive consistent IFPR A,

11 3 2
53l 63 5Ya
{[31] [11}} =B—A

5710 272

N 53] i —4logs7.5 +logs2] |

3 —4logs2,5 +;log,7] 33

Based on Theorems 3 and 4, a multiplicative consistent IFPR
can be changed into an additive consistent IFPR. And how to col-
lect additive consistent information, transform back into multi-

plicative consistent information and derive interval weights
will be introduced in Section 3.

3. Deriving interval weights from an IFPR

For an IFPR B = ([b;.bj])

ijo 7
[b;l ’ b{rl} [b;27 bTZ] [b;nv b;rn}
E _ [b£1 ) b;]} [b;27 b;Z] [b£n7 b;n}
[b;1 I bn+1] [bEZ’ bIZ] [br;nv b;n}

to collect multiplicative consistent information and derive interval
weights from the IFPR B = ([b-’ b-*D , it can be changed to an-
nxn

ij» g
other IFPR A = ([‘17 aﬂ),lxn

/]

[al_l ’ a1+1} [(11‘2, a1+2] [al_m a{rn]
~ [a31,05,]  [a5,05] (a3, 03, ]
A= (aij)nxn =

.0y [0, 0] (s G

by Eq. (14) with o > <maxi.jel %) .
i
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3.1. Collecting additive consistent information from an additive
consistent IFPR A

IfB= ([bu , b”]) is a multiplicative consistent IFPR, accord-
nxn

ing to Theorem 4, then A= ([au , aUD o

IFPR. Collecting additive consistent information from an additive

consistent IFPR A = qay ) a;]) nxn

is an additive consistent

will be introduced.

i a is an additive consistent IFPR, then

foranyjel, ﬂie,([au N

Theorem 5. If A = ([a a*]) o
- [a“.,a;]) is not empty.

Proof. Assume A = ([GJ,GUD

there exists an additive consistent FPR A =

is an additive consistent IFPR,
xn

(@)nxn Such that
a; <a,j<a.j+., Vijel (15)

Especially, when j =1,

4 <ap <aj, Viel 6)
Foranyjel,
ai;—aﬁéaij—angag—aﬁ, Viel. (17)

Since A = (aj)nxn is an additive consistent FPR, so

aj=ay —ay +05, Vijel (18)

Eq. (17) can be changed to

a; —aj <—a;+05< a; —ay, Viel, (19)

)
—a; +05¢ ﬂ [a,; - aj,a; 7a,.‘1] :ﬂ ([awau] - [aa,a;]).
iel iel

Therefore, ﬂie,Qau,au] [aﬁ,a;]) is not empty. O

IfA= ({au ,au]) o is an additive consistent IFPR, let T; =,

([av ’au] @, an]) [Tf7 Tﬂ, then

T C ([ i U] — [ai‘],a;]), Viel

On the one side, for all ip € I, if

TS (law o] - |naia]):
then, there exists extra information, not additive consistent, con-

cluded in {ai;] , %1]- To collect the additive consistent information,
reset it by

[ ] =[] OV (o ] - [7.77])

Proposition 1. If A = ([a i ,a;]) is an IFPR, then the intersection

[a;ﬂ,alfg]] N ([aoj, w] [T T*DXHis not empty.

Proof. Assume, on the contrary, the intersection |a;;,a;,|
([a;ﬂ,aw] {TJZTJ*D is empty. It is to say |a;;.a7,|N
[ - T/, aii - Tj’] is empty. We now consider the following two

cases.

Case 1: a;; >a;; —T;, then T; > af; —
{T;a Tj+i| = miel([au 7aU] [a117 al]}) TJT < T < mlnlda - aﬂ g
+ a-

ioj — Qig1-

a; ;- But, according to

Case 2: af, <a;;— T-*, then Tj+ <@ —a,
{T;7Tj+i| ﬂlel({ ijo z]]_[ai}a;})’T;ZTJ

a;;—a;,. Both two cases are contradiction, the intersection
{a;ﬂl,ai]] N ([aw,aw] [TJT,TJ-*D is not empty. O

. But, according to

maXiqd; — a;) >

On the other side, for all iy € I, if

Ti = ([aiiﬂ’ w} [a"”a"élD’

then, [(17

ih1?
need to adjust the first column.

a%l} is filled with additive consistent information. Don’t

Proposition 2. Let A = ([au ,aUann is an IFPR, iij = ([ai&,aﬂ -

o] ) v o 0, (o 03] - 1777

Proof. Since T = [ l = ([alj.,aﬁ] - [a: ,a; ]) we have
o7 g ig1? Tig1

- . AL Lt Tl ) P

T; g —ay and T ay;—ay - Then a, =a; T < a;; T;

+ T+ + - T+ - + + —

and Gy = T, >a o —-T/. So a; T/ < a; < a < a; T,

1,
. _ . -
it is the same as [al,l,am] c [aibj T Gy = T; ] O

In this case, the first column can also be set as

vy = ] N (o] - 7))

In both sides above, set the new first column as follows,

—Tj*}, (Q:min{a+ a*fTT}, Viel

a; _max{a{l,aij’_ ia ;

]
Based on the discussion, there is an algorithm to collect all the

additive consistent information to the first column [a;;,a;] (i € D).

Algorithm 1

Input: An additive consistent interval fuzzy preference

relation A = (G;) .., and error &.

e a1 e - T
Output: ([ay,,af;], [y, a3;], -, [, a5]) -

Step 1: Set k=1,=2.

Step 2: Calculate f; = [awau} [a7,a;],Viel, and let
Tj = ﬁ?:1fi. ~

Step 3: Note T; = [T]T, Tf] and set

a; =ad fmax{ama Tj*}, a =ad* _mm{ag,a; TJT},
a;;=1-a;, a;=1-a}, Viel
Step4:Ifj<n,setj=j+1, go to Step 2.

Step 5: If d = L5, [|ak"f — a4 gk — a(k’”"ﬂ] <e

il
then let [a;,a}] = [a],aﬂ(zel)and return [a;;,a;](i €1);

Otherwise, set k=k + 1,j =2, and go to Step 2.

3.2. Collecting additive consistent information from an IFPR A without
additive consistency

IfB = ([by ,b,]]) is not a multiplicative consistent IFPR, then
nxn

A= <[a,j,au]) , achieved through Eq. (14) with o>
xn
N\ 2
(maxi jel %) , is not an additive consistent IFPR. According to The-
ij

orem 5, the intersection ﬂid([au,au] [ama”}) may empty. If
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there exist jo €I, the intersection ﬂii,<[ai}0,a§0] - [aa,a;D =

Nier [ai —aj,af alf]] is empty. It is to say that

ijo i Sijp
max (ai; - aﬁ) > min (aif - ai’]).
il o icl \ Yo

It means that the joth column doesn’t contain additive consistent

information. To adjust this column, the average of maxi
a, = afi ) and min;g a;o —ag ) is used to approach the intersec-

tion |Tj T;|. Let Tj =Tj :%Lmaxfg (agu - GH) +ming (050 - aﬁ)]

and then thé joth column can be adjusted by

G =Ty + ity =10,

YTt g — 1 — at
@Gy = Tjy + G G = 1 -,

Viefiel:ay —aj >T,, i#j};
Viefiel:aj —ay <T;, i#]}.

In this way, there is a new algorithm to collect additive consistent

information from the inconsistent IFPR A to the first column
[a;.a5] (iel).

Algorithm 2

Input: An interval fuzzy preference relation A= (@jj) pyn and
error .

T o N
Output: ([ay;,a7;], [a5;, 03], .., [y, a5,])

Step 1: Set k=1, j=2.

Step 2: Calculate t = {aij,aﬂ - [a;,ai] (iel), and let
Tj = ﬂ?zlfi.

Step 3: If Tj is empty, the interval fuzzy preference relation
is inconsistent, set T; = T; =1(maxiyt; + mingt;) and
set

P t.oat=1—a-
a,»j_TjJra a:=1-a

1 a; s Vie{ieI:agfa;>T}7.,i7éj0};

+ T+ Y +
aij_Tj +a,-],aj,-_l—a-‘

5o vie{ielia —a; <T/,i#)}.

Otherwise, note T; = [T;,T;] and set
- _ gt — - a- _T+ + — gkt — mi + qt T~
a; =a 7max{a“,aij -T; }, aj; =aj 7m1n{a“,aij -T; },
+ o + i
aj;=1-az,a;;=1-aj, Viel

Step 4: If j<n, setj=j+1, go to Step 2.

Step 5: If di = 51 3o, [lal — alf V" [+ ol — alf ") <
thenlet [a;,a;;] = [a7,a;] (i €I)and return [a;;,a;;](i € I);
Otherwise, set k=k+1,j=2, and go to Step 2.

According to Theorem 5, if A is an additive consistent IFPR, then
Tj is not empty. In this case, the Step 3 in Algorithm 2 is the same
as in Algorithm 1, then Algorithm 2 is the same as Algorithm 2. In
another word, no matter IFPR A is additive consistent or not, Algo-
rithm 2 can be used to collect all the additive consistent informa-
tion to [a@;;,a;;] (i€l

([ar, @], a5, a34],. ., [ar;lva;l})T‘

Then, it can be transformed into [E;j,l_)l*j] (j ) through Eq. (13)
with g=o>1,

([b71:b71], [biz bis ). [biys b)),

which contains all the multiplicative consistent information in an
[FPR B.
The following part is to calculate interval weights from the col-

lected multiplicative consistent information [E;j,B{j] Gel.

3.3. An algorithm to derive interval weights from an IFPR B

Theorem 6. [20] Let B = ([b,} ,b,; D be a multiplicative consis-

tent IFPR, and note E;j = minghy; and "Efﬁ = maxebyj, Vj eI, then

N S\ -1
1-b:: 1 - bt
minw; = (Z — 1’) , Mmaxw; = (Z —+”> , iel,
Q jel blj Q Jel 1j
(20)
W= (Wy,Wq,...,W) €Q,

where ® = {(by),.,, € R""|b; < by < by, bybjbi = bubybsi, Vi,j,k €I}
and Q= {(wy,wy,...,wy) €R"|w; > 0, >, w;=1,b; < w,%'wjg by,
vi,jel}.

Based on Theorem 6 and Algorithm 2 above, there is an algo-
rithm to derive all the interval weights from an IFPR B =

( [b,}, b,-y ] ) , no matter the IFPR is multiplicative consistent or not.
nxn

Algorithm 3

Input: A multiplicative consistent IFPR B = ({b;,bﬂ)
nxn

and error &.

Output: Wy, Wy, ..., Wy.

N 2
Step1:Setm=1,0=pf> (maXi.jerZ%> .
i

Step 2: Transform the multiplicative consistent IFPR
B= ([bT b-*]) into an additive consistent IFPR A =
nxn

ij o ¥ij
([a&, aﬂ) through Eq. (14).
nxn
Step 3: Through Algorithm 2, input the additive consistent
IFPR A = ([ai;, aﬂ) and error ¢, then all additive consis-
nxn
tent information [aj;,a;;](i € I) will be outputted.
Step 4: Transform [a;,a)](iel) into [B;j,lqu] Gel
through Eq. (13).
Step 5: Derive the interval weight w,, by

~ 1-by; ! 1-bs; -
|55 (55 e
Jjel 1j Jjel 1j

Step 6: If m < n, set m=m + 1, exchange both the mth row
and column with the first in B = ([b-’ b-*D and go to
nxn

i 2 Vi
Step 2; Otherwise, return wy, Wy, ..., Wy.

All weights which output from Algorithm 3 are interval num-
bers. To rank interval weights, a straightforward possibility-degree
formula introduced by Xu and Da [24] is used to compare two
interval weights.

Definition 8. [24] Let W; = [w; ,w;' | and W; = {wj*,wj* be any two
interval weights, where 0 <w; <w; <1 and 0 < W < W].+ <1,

then the degree of possibility of w; > w; is defined as

S ; wi —wy ol o
p(W; > wj) = max 1 — max wi—w tw w7

(21)

That is, w; is superior to w; to degree of p(w; > Ww;), denoted by

_ p(wi=wj)

w; >~ w;. Especially, p(w; = w;) > 0.5 indicates that w; is supe-
rior to w; to degree of p(w; > W;); p(W; > w;) = 0.5 indicates that
w; is the same as wj; p(w; > w;) < 0.5 indicates that w; is superior
to w; to degree of 1 — p(w; > w;).
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4. Numerical examples

Example 1. In SWOT analysis [25], decision makers compare each
pair of elements in {Strengths, Weaknesses, Opportunities, Threats}
and provide their preferences, respectively. All preferences are
collected in

[0.5,05] [0.36,0.66] [0.26,0.45] [0.57,0.72]
5_ |[034.063] 0505 [032,052] [0.55.0.77)

[0.55,0.74] [0.48,0.68] [0.5,0.5] [0.66,0.83] |

(0.28,0.43] [0.23,0.45] [0.17,0.34] [0.5,0.5]

The following steps can help to derive interval weights from B and
rank the four elements of Strengths (S), Weaknesses (W), Opportuni-
ties (0) and Threats (T):

2
Step 1: Calculate | max;jq; ZL> ~4.88% and let o= g = 25.
ij

Step 2: Then the multiplicative consistent IFPR B can be chan-
ged to an additive consistent IFPR A through Eq. (14)

0.5000, 0.5000]
~ 110.2939,0.6739]
0.5623,0.8249]
[0.2066,0.4124]

[0.3261,0.7061
[0.5000,0.5000
[0.4751,0.7342
[0.1246,0.4377

] [0.1751,0.4377]
| [0.2658,0.5249]
] [0.5000,0.5000]
] [0.0074,0.2939]
Step 3: Through Algorithm 2 with ¢ = 0.001, input A, then out-
put the additive consistent information [a;,a;;] (i€l) that
([0.5,0.5][0.3282,0.6739][0.5623,0.8249][0.2066,0.4124])".

Step 4: Through Eq. (13), transform all the additive consistent

information [a;;,a}](i€l) into [E;j, Eﬂ (j el) that ([0.5,0.5]

[0.3636,0.6349][0.26,0.45][0.57,0.72]).

Step 5: Derive the interval weight w; = [0.1575,0.3138] by Eq.

(20).

Step 6: Exchange both the mth row and column with the first in

B= ([b-’ b-*]) , go to Step 2 and derive all the interval
nxn

i > Dij
weights that W, =[0.1760,0.3580], w; = [0.2927,0.4934],

W, = [0.0847,0.1822).

0.5000, 0.5000]
0.4099, 0.5000]
A = | [0.5000,0.8081]
0.3117,0.6883]
0.5000, 0.6883]

[0.5000,0.5901]
[0.5000, 0.5000]
[0.4099, 0.6883]
(0.1919,0.4099]
0.5901,0.8081]

0.1919,0.5000]
0.3117,0.5901]
[0.5000, 0.5000]
0.1919,0.3117]
[0.5000,0.5901]

Then, the possibility-degree formula can be used to compare
each pair of w; and w; (i,j = 1,2, 3,4) by Eq. (21), and construct the
following fuzzy preference relation:

05 04074 0.0593 0.9026

~ 105926 05 0.1707 0.9779
0.9407 0.8293 05 1 '
0.0974 0.0221 0 05

Summing all the elements of each row of P, we get:
p1=1.8692, p, =2.2412, p3 =3.2700, p4 = 0.6195. Then,

83% 59% 90%
W3 = Wy = Wi > Wy.

(0.3117,0.6883]
[0.5901,0.8081]
[0.6883,0.8081]
0.5000, 0.5000]
[0.5901,0.9883]

Therefore, Strengths (S), Weaknesses (W), Opportunities (O), Threats
(T) can be ranked as follows:

Opportunities = Weaknesses =~ Strengths = Threats.

Gao and Peng [25] utilized the UOWA operator which had been pro-
posed by Xu and Da [24] to derive the priority weights using the
lower limits of interval numbers. It is rough that only the lower lim-
its were taken into account. Most information in interval numbers
may be lost. With their method, the priority weights of B is that
wy =0.264, w; = 0.269, ws = 0.284, w4 = 0.183. It’s obviously that al-
most all w; are contained in w; (i € I).

Example 2. Consider a fuzzy multiple criteria decision-making
problem with a finite set of 5 criteria, let X = {x1,X,X3,X4,X5} be
the set of criteria and let I = {1,2,3,4,5} be the set of index. A deci-
sion maker compares each pair of criteria in X, and provides his/her
preference degree Eij = [b;, bﬂ (i,j € I) of the criterion x; over x;.
All these preference degrees by (i,j € I) compose a multiplicative

[0.5876,0.7934]
0.5623,0.8754]
[0.7061,0.9926]
[0.5000, 0.5000]

consistent IFPR B = (by),.., [20]
[0.5,0.5] [0.5,0.6] [0.2,0.5] [0.3,0.7] [0.3,0.5]
[0,4,0.5] [0.5,0.5] [0.3,0.6] [0.6,0.8] [0.2,0.4]
B=1[05,08 [0.4,0.7] [0.5,05] [0.7,0.8] [0.4,0.5]
[03,0.7] [0.2,0.4] [0.2,0.3] [0.5,0.5] [0.1,0.4]
[0.5,0.7] [0.6,0.8] [0.5,0.6] [0.6,0.9] [0.5,0.5]

The following steps can help to derive interval weights and rank
X1,X2,X3,X4,X5:
N 2
Step 1: Calculate | max;je zi> =81 and let o= g = 90.
ij
Step 2: Then the multiplicative consistent IFPR B can be chan-
ged to an additive consistent IFPR A through Eq. (14)

(0.3117,0.5000]
0.1919,0.4099)]
0.4099, 0.5000]
0.0117,0.4099)]
[0.5000, 0.5000]

Step 3: Through Algorithm 2 with & = 0.001, input A, then output
the additive consistent information [aj;, ;] (i € I) that ([0.5,0.5]
[0.4099,0.5][0.5,0.6883][0.3117,0.4099][0.5,0.6883])".

Step 4: Through Eq. (13), transform all the additive consistent
information [a;;,a;] (i 1) into b;j,b]’j] (j € I) that ([0.5,0.5]
[0.5,0.6][0.3,0.5][0.6,0.7][0.3,0.5]).

Step 5: Derive the interval weight w; = [0.1364, 0.2442] by Eq.
(20).

Step 6: Exchange both the mth row and column with the first in
B= ({bf b*D , go to Step 2 and derive all the interval

i i
weights that w, =1[0.1111,0.2029], w; = [0.2029,0.3218],

W, = [0.0662,0.1154], Ws = [0.2442,0.3899).
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Then, the possibility-degree formula can be used to compare
each pair of w; and w; (i,j = 1,2, 3,4) by Eq. (21), and construct the
following fuzzy preference relation:

05 0.6668 0.1822 1 0
03332 05 0 0.9695 0
P=0.8178 1 05 1 0.2933
0 0.0305 0 0.5 0
1 1 0.7067 1 0.5

Summing all the elements of each row of P, we get:

p, = 23490, p,=1.8027, p,=3.6111, p,=05305 ps
— 4.2067.

Then,

- M% . 82% . 67% . 97% .
Ws = W3 > W1 = Wy > Wy

Therefore, x1,X2,X3,X4 can be ranked as follows:
X5 > X3 = X1 = X2 > X4.

Based on the interval multiplicative transitivity, Genc et al. [20]
used an estimated interval fuzzy preference relation to replace the
original to derive interval weights. However, all processes were
based on repeatedly solving mathematical models, which is com-
plex. With their method, all the derived interval weights of B are
the same as the results above.

5. Conclusions

In this paper, based on the exchanges of an additive consistent
IFPR and a multiplicative consistent IFPR, we have developed a
method to derive interval weights from both multiplicative consis-
tent IFPR and an inconsistent one. Firstly, Some exchanges be-
tween an additive consistent FPR and a multiplicative consistent
FPR have been established. Then, these exchanges have been ex-
tended to IFPR and relations between an additive consistent IFPR
and a multiplicative consistent IFPR have been established. Sec-
ondly, a multiplicative consistent IFPR has been changed into an
additive consistent IFPR. Thirdly, all the additive consistent infor-
mation has been collected and changed back into multiplicative
consistent information in IFPR. Fourthly, the interval weights have
been generated from the collected multiplicative consistent infor-
mation. Finally, two numerical examples are given to illustrate the
new method.

For an interval fuzzy preference relation, both multiplicative
consistent relation and additive consistent relation can be used
to derive the weights. However, what’s the relationship of the
two kinds of weights and which is more reasonable are unknown.
Both of them need further research.
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